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$k$ $p$- $C_{k}$ $k$ $K$
$C_{k}$ $C_{K}$
$j_{K/k}$ : $C_{k}arrow C_{K}$
$kerj$K/ $C_{k}$
$C$ $K$ $C$ $k$
Hilbert $p$- $k_{p}$ ( $p$- ) $k_{p}$
[Su]( $K/k$ $(K:k)$ $|kerj_{K/k}|$ ”
$K/k$
(1) $|kerj_{K/k}|=(K:k)(E_{k} : N_{K/k}E_{K})$
(cf. [Sc]) $E_{k},$ $E_{K}$ $k,$ $K$
$k$ 2 $p=2$ Hilbert 2- 2
(1)
2. 2 –
2 Hilbert 2- [I]










(C1) $N_{K/k}E_{K}\subsetneqq E_{k}$ (1)
(C3) $C_{k}$ $(2,2)$ rank 2 2-
$C_{k}=kerj_{K/k}$ $C_{k}$ $k_{2}$ $K$
EXAMPLE Rl: [I] $k,$ $k’$
$p\equiv p_{1}\equiv p_{2}\equiv 1(mod 4)$
$( \frac{p}{p_{1}})=(\frac{p}{p_{2}})=-1$
$p,$ $p_{1},$ $p_{2}$ $k=Q(\sqrt{pp_{1}p_{2}}),$ $k’=Q(\sqrt{p_{1}p_{2}})$ (C2)
$p_{1},$ $p_{2}$ (cf. [O])
(C3) \S 4
3. 2
$k$ 2 $k$ $Q$
$(2, 2)$ $K$ $(E_{k} : N_{K/k}E_{K})$ $K$ 2 $k’$ $E_{k_{-}’}$
LEMMA. 2 $k$ Hilbert 2- 2 $k’$ $K=kk’$
$E_{K}=W_{K}E_{k’}$ $W_{IK}$ $K$ 1
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PROOF: $K$ CM- $k’$ [$W$ , Theorem 4.12]
$(E_{K} : W_{1K}E_{k’})=1$ or $2_{0}$ $K$ $\epsilon$ $\epsilon^{2}=\zeta\eta,$ $\zeta\in W_{K},$ $\eta\in E_{k’}$
$\zeta$ $\pm 1$ 1 3, 4or 6 $\epsilon$





( $N_{K/k}W_{K}=\{1\}$ ) $E_{k}=\{\pm 1\}$ $(E_{k} : N_{K/k}E_{K})=2$
$|kerj_{K/k}|=4$
(C3) $C_{k}$ $K$
(C2)(C3) 2 $k$ 2 $k’$
EXAMPLE Il: $p,$ $p_{1},$ $p_{2}$ ;
$-p\equiv p_{1}\equiv p_{2}\equiv 1(mod 4)$
$( \frac{p}{p_{1}})=(\frac{p}{p_{2}})=-1$ .
$k=Q(\sqrt{-pp_{1}p_{2}}),$ $k’=Q(\sqrt{p_{1}p_{2}})$ Example Rl $p_{1},$ $p_{2}$ (C2)
EXAMPLE I2: $p,$ $p_{1},$ $p_{2}$
$p\equiv p_{1}\equiv p_{2}\equiv-1(mod 4)$
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$( \frac{p}{p_{1}})=1$ , $( \frac{p}{p_{2}})=-1$ , $( \frac{p_{1}}{p_{2}})=1$
Example Il $k,$ $k’$ (C2)
REMARK 1. Kisilevsky [K] Lemma
$C_{k}$ rank 2 2- 2 $k$
(cf. $[\mathbb{R}j]$ )
4. 2 4-rank
(C3) R\’edei-Reichardt [R-R] criterion
criterion
$n-1\geq 1$ 2 ( ) $k$ $d$ $d=$
$d_{1}d_{2}\cdots d_{n}$ 2 ;
$d_{i}=-4,$ $\pm 8$ or $\pm p$ ( $\equiv lmod 4,$ $p$ : odd prime).
$\chi_{i}$
$Q(\sqrt{d_{i}})$ Kronecker character
2 F2 $n$ $A_{k}=(a_{ij})$ $i\neq j$
$(-1)^{a_{ij}}=\chi_{i}(p_{j})$
$a_{jj}= \sum_{1\leq i\leq n}a_{ij}$
i.e. $\sum_{i=1}^{n}a_{ij}=0$ $(j=1, \cdots n)$
$i\neq j$




Gauss 2-rank$C_{k}^{+}=n-$ $1$ $A_{k}$ $0\leq rankA_{k}\leq n-1$
$k$ 2 $d_{i}>0(1\leq i\leq n)$ $|C_{k}|\equiv 0(mod 2^{n-1})$
$|C_{k}^{+}|=2^{n-1}$ $\Rightarrow$ $N_{k/Q}E_{k}=\{\pm 1\}$
(cf. $[P$ , Satz 2.29]) (2)
$rankA_{k}=n-1\Leftrightarrow 4- rankC_{k}^{+}=0\Leftrightarrow|C_{k}^{+}|=2^{n-1}$
$\Rightarrow N_{k/Q}E_{k}=\{\pm 1\}\Leftrightarrow C_{k}=C_{k}^{+}$ ,
$rankA_{k}=n-1\Leftrightarrow C_{k}$ rank $n-1$ 2- $N_{k/Q}E_{k}=\{\pm 1\}$
Example Rl \acute \supset $( \frac{p_{1}}{p_{2}})=(-1)^{e}$ $A_{k}$
$(\begin{array}{lllll}1+ e e 1e 1+ e 11 1 0\end{array})$ .
$[d_{1}, d_{2}, d_{3}]=[p_{1}, p_{2}, p]$ $rankA_{k}=2$
$C_{k}\simeq(2,2),$ $N_{k/Q}E_{k}=\{\pm 1\}$ $(C3)$ (C1) $A_{k’}$
(C2) $e=0$ $( \frac{p_{1}}{p_{2}})=1$
$k$ $d_{i}<0$ $i$ $d$ $q\equiv 3(mod 4)$ $q$
$N_{k/Q}E_{k}=\{+1\}$ (C1) Rl $(C1)-(C3)$
( $d=8p_{1}p_{2}$ )
2 $k$ $C_{k}=C_{k}^{+}$ Example Il I2
$[d_{1}, d_{2}, d_{3}]$ $[p_{1}, p_{2}, -p],$ $[-p_{1}, -p_{2}, -p]$ ;
(I1) $(\begin{array}{lllll}l+ e e 1e l+ e 11 l 0\end{array})$ , (I2) $(\begin{array}{lll}l 1 00 1 11 0 1\end{array})$ .
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THEOREM. (Furtw\’angler) $k$ 2- $C_{k}$ rank $r$ 2- C
$c_{1},$ $\cdots c_{r}$ $r$
$k$ 2 $F_{1},$ $\cdots F_{r}$ $c_{i}$
\S 4 2 $k=Q(\sqrt{d_{1}d_{n}})$ $C_{k}=C_{k}^{+}$ $k$
$\mathfrak{p}_{i}$ $Ci$ $c_{1},$ $\cdots$ $c_{n}$ $n-1$ $C_{k}$ $Ci$
$F_{i}=k(\sqrt{d_{i}})$
PROPOSITION. 2 $k$ 2- $C_{k}$ rank $r\geq 2$ 2- $k$
2 $K$ $|kerj_{K/k}|\geq 4$ C $k$ Hilbert 2-
PROOF: Furtw\’angler $c_{i},$ $F_{i}(1\leq i\leq r)$ $ker$ jK/ $a,$ $b$
{ci} $a,$ $b,$ $c_{3},$ $\cdots c_{r}$
$F=KF_{3}\cdots F_{r}$ $k$ Hilbert 2- $C_{k}=<a,$ $b,$ $c_{3},$ $\cdots$ $c_{r}>$ $F$
I
$(C1)-(C3)$ $A_{k}$ Proposition 2
$k$
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